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Abstrat
We larify the relation between orbifold and interval pitures in 5d brane worlds. We establish
this orrespondene for Z2-even and Z2-odd orbifold elds. In the interval piture Gibbons
Hawking terms are neessary to fulll onsisteny onditions. We show how the brane world
onsisteny onditions arise in the interval piture. We apply the proedure to the situation
where the transverse dimension is terminated by naked singularities. In partiular, we nd the
boundary terms needed when the naive vauum ation is innite.
Otober 2001
1 Introdution
In studies of higher dimensional eld theories with branes, it is onvenient to model ompat
extra dimensions with the help of orbifolds [1, 2, 3℄. Branes are usually put at orbifold xed
points, and various matter and gauge setors are loalized on their world volumes. Yet another
gauge setor may propagate, together with gravity and moduli elds, in the bulk of an orbifold,
interating with branes. In many ases, e.g. when one onsiders AdS5 throats that form near
staks of D3 branes in string theory, it is appropriate to restrit a disussion to the simplest
lass of ve-dimensional eld theories. It has been notied long ago [1℄ that there are two ways
of looking at eld theory in suh a geometry. One possibility is to notie that a irle divided
by Z2 is atually a line segment with the ends at the xed points of the ation of Z2. In this
piture the xed points are the ends of the world, beyond whih the elds living in the bulk
annot propagate. The seond possibility, sometimes alled the `upstairs piture', onsists in
working on the whole irle S1, but dening in a non-trivial way the ation of the Z2 on the
elds. The seond possibility turned out to be the most onvenient, espeially in the ase of
supersymmetri theories. There, the elds fall into one of two lasses: the Z2-even elds, whih
have massless modes in their KaluzaKlein expansion and are ontinuous aross the branes, and
the Z2-odd elds, whih have non-zero modes only and may have nite disontinuities when
rossing the branes. Of ourse it would be wrong to say, as one may naively think, that only the
even modes survive when going over to the interval piture. The point is that, away from the
branes, the bulk does not know whether it is investigated in the rst or in the seond piture; it
must be therefore exatly the same in both. Hene the dierene between various elds must lie
in the way they ouple to the branes. The analogy with eletrodynamis may be helpful. The
eletromagneti salar potential is ontinuous aross a surfae with a non-zero harge density;
however, it suers a disontinuity on a surfae with a non-zero density of an eletri dipole
moment. The dierene between the two situations lies preisely in the form of the oupling of
the potential to the surfae. In what follows we shall disuss in some detail the relation between
the upstairs and interval pitures for the Z2-even, Z2-odd and gravitational elds. It omes
down to the determination of the boundary terms (ouplings) for various elds in the interval
piture, given the eld theory dened in a natural way on the irle. Alternatively, one may
start with the ation on the interval augmented by Neumann or Dirihlet boundary onditions
on the boundaries, depending on whether we work with the eld that is supposed to have a
zero mode or not; given boundary ouplings, whih enfore required boundary onditions, one
an promote them to the upstairs piture. Among other ases we disuss a situation where
the boundary is loated at the position of a naked singularity (inluding one at oordinate
innity). We nd out that, boundary terms are neessary in the interval piture, to satisfy
onsisteny onditions that are analogous to those known from the upstairs piture [4, 5, 6, 7℄.
An interesting bonus for establishing the omplete equivalene between the two pitures is the
possibility of adding together two orbifold theories, for example of forming a supergravity that
desribes two supergravities living in two separate throats near two separate staks of D3 branes
and onneted through the ommon Plank brane [8℄. Adding two intervals with a ommon
end is rather obvious, whereas adding models living on two irles is not immediately lear.
2
2 Z2-even and Z2-odd salar elds in the interval piture
We begin with the ase of a Z2-even salar eld, that is the one whih is allowed to have a zero
mode, in the interval piture. As usual, we take a ve-dimensional manifold that onsists of a
four-dimensional spaetime multiplied by an interval: xM = (xµ, y) ∈ Ω = M4 × 〈0, L〉. Two
four-dimensional branes, whih ouple to the indued 4d metri tensor, are loated at y = 0
and y = L and endowed with an indued metri
g0µν(xρ) ≡ Gµν(xρ, y = 0) , gLµν(xρ) ≡ Gµν(xρ, y = L) , (1)
where GMN denotes a ve-dimensional metri tensor, and M,N = 0, 1, ..., 5. We take the usual
hoie Gµ5 = 0. The lassial ation desribing the salar eld in 5d reads:
S = −1
2
∫
d4x
∫ L
0
dy
√−G (GMN∂MΦ∂NΦ + V (Φ)) , (2)
where V (Φ) is a salar potential. Its variation with respet to Φ after integrating by parts is:
δS = −
∫
d4x
∫ L
0
dy
√−G
(
−GMN∂M∂NΦ− 1√−G∂M
(√−GGMN) ∂NΦ+ 1
2
∂V (Φ)
∂Φ
)
δΦ
−
∫
d4x
√−GG55∂5ΦδΦ
∣∣∣
y=L
+
∫
d4x
√−GG55∂5ΦδΦ
∣∣∣
y=0
. (3)
Sine the interval is nite, and branes are, presumably, physial objets, it is natural to allow
for non-vanishing variations δΦ at the endpoints. This leads to Neuman boundary onditions
for the eld Φ. To obtain lassial equations of motion we must modify the ation (2) by adding
other boundary terms:
S ′ = S +
∫
d4x
√
−gLVL(Φ)
∣∣∣
y=L
+
∫
d4x
√
−g0V0(Φ)
∣∣∣
y=0
, (4)
with additional terms satisfying the onditions:
√−GG55∂5Φ
∣∣∣
y=0
= −
√
−g0∂V0
∂Φ
∣∣∣
y=0
,
√−GG55∂5Φ
∣∣∣
y=L
=
√
−gL∂VL
∂Φ
∣∣∣
y=L
. (5)
One an think of an orbifold S1/Z2 as a sum of two intervals with ends at the xed points.
Physis on the two spaes is orrelated by the ation of the orbifold symmetry Z2. We shall
take the ation (4) for eah interval, impose Z2 symmetry, ompare the resulting equation of
motion with those diretly derived in the orbifold piture, and read o the relation between
the boundary terms in both pitures. Let us denote the boundary terms on the intervals as
S+ =
∫
d4x
√
−g01
2
V +0 Φ
∣∣∣
y=0
+
∫
d4x
√−gpirc 1
2
V +pi Φ
∣∣∣
y=pirc
, (6)
for y ∈ (0, πrc), and
S− =
∫
d4x
√
−g01
2
V −0 Φ
∣∣∣
y=0
+
∫
d4x
√
−g−pirc 1
2
V −pi Φ
∣∣∣
y=−pirc
(7)
3
for y ∈ (−πrc, 0), and impose Z2 parity Φ(y) = Φ(−y). This implies
V +0 = V
−
0 , V
+
pi = V
−
pi . (8)
The orresponding ation on the orbifold is
S = −1
2
∫
d4x
∮ pirc
−pirc
dy
√−G (GMN∂MΦ∂NΦ+ V (Φ))+
+
∫
d4x
√
−g0V0Φ
∣∣∣
y=0
+
∫
d4x
√−gpircVpiΦ
∣∣∣
y=pirc
, (9)
where y ∈ 〈−πrc, πrc〉, and the equations of motion are
√−GGMN∂M∂NΦ + ∂M
(√−GGMN) ∂NΦ =
=
√−G1
2
∂V (Φ)
∂Φ
−
√
−g0V0δ(y)−
√−gpircVpiδ(y − πrc). (10)
We note that there are no additional boundary terms from the derivation of the equation
of motion, sine the integral of a full divergene of any eld vanishes on an orbifold, even if the
eld is not ontinuous. A Z2-even salar eld is a funtion of an absolute value of y. Hene one
nds
Φ = Φ(|y|) , Φ′ = ǫ(y)Φ′(|y|) ,
Φ′′ = 2 (δ(y)− δ(y − πrc)) Φ′(|y|) + Φ′′(|y|) , (11)
and equation (10) leads to:
√−G∂yΦ
∣∣∣
y=0+
= −
√
−g0V0
2
,
√−G∂yΦ
∣∣∣
y=pir−c
=
√−gpirc Vpi
2
. (12)
It is lear that we have an identiation between two intervals and an orbifold if
V0 = V
+
0 = V
−
0 , Vpi = V
+
pi = V
−
pi . (13)
In the next step let us perform the same analysis for a eld, whih has no zero mode on the
orbifold, that is for the eld whih is Z2-odd. The derivative of an odd eld with respet to y
is Z2-even. Hene, one an onstrut an ation where suh a eld ouples to branes through its
rst derivative
S =
∫ L
0
dy
∫
d4x
√−G
(
−1
2
GMN∂MΦ∂NΦ +
1√−G∂M
(√−GGMNΦ∂NΦ
)
− 1
2
V (Φ)
)
.
(14)
This is the analogue of the oupling of the eletri potential to the eletri dipoles on the brane,
whih appeared before in the 5d onstrutions of [9, 10, 11℄. This ation diers from the ation
(2) by a full divergene of a vetor eld. On manifolds without boundary, suh as an orbifold,
these additional terms vanish. On an interval we obtain non-zero boundary ontributions:
S = −1
2
∫ L
0
dy
∫
d4x
√−G (GMN∂MΦ∂NΦ + V (Φ))+
∫
d4x
√−GG55Φ∂5Φ
∣∣∣L
0
. (15)
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The variation of this ation with respet to the salar eld gives
δS =
∫ L
0
dy
∫
d4x
√−G
(
GMN∂N∂MΦ +
1√−G∂M
(√−GGMN) ∂NΦ− 1
2
∂V (Φ)
∂Φ
)
δΦ+
+
∫
d4x
√−GG55Φδ(∂5Φ)
∣∣∣L
0
. (16)
If we do not insist that δ(∂5Φ) vanishes on the boundaries, we need to add other terms in (14),
the variation of whih anels the boundary terms in (16):
S ′ = S +
∫
d4x
√−GG55V0∂5Φ
∣∣∣
y=0
+
∫
d4x
√−GG55VL∂5Φ
∣∣∣
y=L
, (17)
where Φ(0) = V0 , Φ(L) = −VL .
To make the relation between orbifold and interval pitures expliit, let us onsider a Z2-odd
salar eld on an orbifold
S = −1
2
∮ pirc
−pirc
dy
∫
d4x
√−G (GMN∂MΦ∂NΦ+m2Φ2 + V0(y)Φ + Vpi(y)Φ) , (18)
where y ∈ 〈−πrc, πrc〉. Tensions V0, Vpi are proportional to one-point distributions δ and δ′ at
points y = 0 and y = πrc respetively. The variation with respet to the salar eld leads to
GMN∂M∂NΦ+
1√−G∂M
(√−GGMN) ∂NΦ−m2Φ− 1
2
V0(y)− 1
2
Vpi(y) = 0 (19)
in ve-dimensional spaetime. Again, no additional boundary terms appear, sine the integral
over the whole orbifold of a total divergene always vanishes. A Z2-odd salar eld may be
represented as a funtion of an absolute value of y multiplied by the antisymmetri step funtion
ǫ(y) (we shall dene ǫ(0) = 0). With this taken into aount we obtain
Φ = ǫ(y)Φ¯(|y|) , Φ′ = Φ¯′(|y|) + 2 (δ(y)− δ(y − πrc)) Φ¯(|y|) ,
Φ′′ = ǫ(y)Φ¯′′(|y|) + 2 (δ(y)− δ(y − πrc)) ǫ(y)Φ¯′(|y|) + 2 (δ′(y)− δ′(y − πrc)) Φ¯(|y|) , (20)
and the relation (19) leads to
V0(y) = 4G
55ǫ(y)Φ¯′(|y|)δ(y) + 4√−G
(√−GG55)′ Φ¯(|y|)δ(y) + 4G55Φ¯(|y|)δ′(y) (21)
and
Vpi(y) = −4G55ǫ(y)Φ¯′(|y|)δ(y − πrc)− 4√−G
(√−GG55)′ Φ¯(|y|)δ(y − πrc) +
−4G55Φ¯(|y|)δ′(y − πrc). (22)
Let us rewrite brane tensions in ation (18) in suh a way that they ontain only terms pro-
portional to δ and no fators of δ′. A partial integration of the boundary terms in (18) leads
to:
S ⊃
∮ pirc
−pirc
dy
∫
d4x
√−G (−2G55Φ¯(|y|)Φ′(y)δ(y − πrc) + 2G55Φ¯(|y|)Φ′(y)δ(y)) =
= −
∫
d4x
√−GG55ΛpiΦ′(y)
∣∣∣
y=pirc
+
∫
d4x
√−GG55Λ0Φ′(y)
∣∣∣
y=0
, (23)
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where Λ0 = 2Φ¯(0) and Λpi = 2Φ¯(πrc).
It should be noted that the ation (18) is singular, beause of non-vanishing terms propor-
tional to δ2:
S ∼
∮ pirc
−pirc
dy
∫
d4x
√−G (2G55Φ¯2(|y|)δ2(y)− 2G55Φ¯2(|y|)δ2(y − πrc)) . (24)
We an eliminate this singularity by adding to the initial ation (18) new terms, that do not
hange the equations of motion,
S ′ = S +
1
2
∮ pirc
−pirc
dy
∫
d4x
√−G (−G55Λ20δ2(y) +G55Λ2piδ2(y − πrc)) . (25)
This modied ation an be put into a `full square' form
S ′ = −1
2
∮ pirc
−pirc
dy
∫
d4x
√−G (Gµν∂µΦ∂νΦ +m2Φ2)−
−1
2
∮ pirc
−pirc
dy
∫
d4x
√−GG55 (∂5Φ− Λ0δ(y) + Λpiδ(y − πrc))2 . (26)
This is the struture that plays a ruial role in the brane-bulk supersymmetri models [1, 9,
10, 11℄.
Let us turn to the interval piture. We write a Z2-odd salar eld ation (17), on two
separate intervals
S+ = −1
2
∫ pirc
0
dy
∫
d4x
√−G (GMN∂M Φ¯∂N Φ¯ +m2Φ¯2)+
∫
d4x
√−GG55Φ¯∂5Φ¯
∣∣∣pir
−
c
0+
+
+
∫
d4x
√−GG55V +0 ∂5Φ¯
∣∣∣
y=0+
+
∫
d4x
√−GG55V +pi ∂5Φ¯
∣∣∣
y=pir−c
, (27)
for y ∈ (0, πrc), and
S− = −1
2
∫ 0
−pirc
dy
∫
d4x
√−G (GMN∂M Φ¯∂N Φ¯ +m2Φ¯2)+
∫
d4x
√−GG55Φ¯∂5Φ¯
∣∣∣0−
−pir+c
+
+
∫
d4x
√−GG55V −0 ∂5Φ¯
∣∣∣
y=0−
+
∫
d4x
√−GG55V −pi ∂5Φ¯
∣∣∣
y=pir+c
, (28)
for y ∈ (−πrc, 0). It is easy to nd, following the steps taken in the ase of an even eld, that
we obtain the identiation between two intervals and an orbifold when
Λ0 = 2V
+
0 = 2V
−
0 , Λpi = −2V +pi = −2V −pi , (29)
and Φ(y) = ǫΦ¯(|y|).
We have established the orrespondene between boundary terms and ouplings for elds of
denite Z2 parity on S
1/Z2 and orresponding elds living on the sum of two intervals. Sine
parity orrelates the physis on the two intervals in a unique way, it is suient to work with
just one of them. From the point of view of the interval, the dierene between odd and even
elds lies in the way they ouple to the branes.
6
3 Gravity in the interval piture
To omplete the disussion of the relation of brane worlds on orbifolds and intervals we need
to inlude gravity. It is well known that, on the interval, we need to add GibbonsHawking
boundary terms to reover Einstein equations; nevertheless, it is instrutive to nd the form
of the required terms from a reasoning analogous to that used before for salar elds. The
proedure we are going to use was onsidered earlier by Dik [12℄ (see also [13℄). We begin with
the lassial gravitation ation:
S =
∫
d4x
∫ L
0
dy
√−G (M3R + L )+
∫
d4x
√
−g0L0
∣∣∣
y=0
+
∫
d4x
√
−gLLL
∣∣∣
y=L
, (30)
where L is a Lagrangian of matter elds in the bulk, and L0, LL desribe matter elds on
four-dimensional branes loated at y = 0 and y = L respetively. It is well known that the
variation with respet to the metri tensor is
δS =
∫
d4x
∫ L
0
dy
√−G
[(
M3RMN − 1
2
M3RGMN − TMN
)
δGMN +M3GMNδRMN
]
+
−
∫
d4x
√
−g0T 0µνδgµν0
∣∣∣
y=0
−
∫
d4x
√
−gLTLµνδgµνL
∣∣∣
y=L
, (31)
where
TMN =
1
2
LGMN − ∂L
∂GMN
, T 0µν =
1
2
L0g0µν −
∂L0
∂gµν0
, TLµν =
1
2
LLgLµν −
∂LL
∂gµνL
. (32)
The last term in the rst line of (31) an be written as
∫
d4x
∫ L
0
dyM3∂M
(√−GWM) =
∫
d4x
√−GM3W 5
∣∣∣
y=L
−
∫
d4x
√−GM3W 5
∣∣∣
y=0
, (33)
where
WM = GOP δΓMOP −GOMδΓPOP .
The dierene between the ase of a salar eld and the present one is that the boundary terms
ontain variations of the metri tensor together with variations of its derivatives. To improve
this situation one an start with the modied ation
S =
∫
d4x
∫ L
0
dy
√−G (M3F + L )+
∫
d4x
√
−g0L0
∣∣∣
y=0
+
∫
d4x
√
−gLLL
∣∣∣
y=L
, (34)
where
F = GMN
(
ΓPMSΓ
S
NP − ΓPMNΓSPS
)
.
The modied ation gives Einstein equations in the bulk, but there appear boundary terms∫
d4x
√−GM3W 5MNδGMN
∣∣∣
y=L
−
∫
d4x
√−GM3W 5MNδGMN
∣∣∣
y=0
, (35)
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where
W 5MN =
1
2
(
GOM∂NG
O5 +GON∂MG
O5 −GOMGPN∂5GOP
)
+
+
1
2
(−GMN∂PGP5 −GMNGOP∂5GOP +GOP∂NGOP δ5M) . (36)
One needs to take are of the variations of boundary terms. The requirement that these
variations vanish leads to the onditions
√−GM3W 5µν
∣∣∣
y=0
= −
√
−g0T 0µν
∣∣∣
y=0
,
√−GM3W 5µν
∣∣∣
y=L
=
√
−gLTLµν
∣∣∣
y=L
, (37)
and
W 555
∣∣∣
y=0
=W 555
∣∣∣
y=L
= 0 .
Let us hek whether these onditions are satised in the RandallSundrum model, with ds2 =
e−2k|y|ηµνdxµdxν + dy2 . Using (36), (32), and ounting boundary terms twie (beause of the
orbifold symmetry) we obtain
W 5µν = 6kGµν , (38)
and
T hidµν = −6kM3ghidµν , T visµν = 6kM3gvisµν , (39)
in full agreement with (37).
To make the onnetion with the standard gravitational ation, we note that
R = F +
1√−G∂M
(√−GW¯M) , (40)
where
W¯M = GNSΓMNS −GMNΓSNS .
This leads to the following form of (34)
S =
∫
d4x
∫ L
0
dy
√−G (M3R + L )−
∫
d4x
√−GM3W¯ 5
∣∣∣
y=L
+
∫
d4x
√−GM3W¯ 5
∣∣∣
y=0
+
+
∫
d4x
√
−g0L0
∣∣∣
y=0
+
∫
d4x
√
−gLLL
∣∣∣
y=L
. (41)
As a result, we obtain the standard ation augmented by boundary terms, whih should be
further extended by brane potentials. One easily nds out that new terms are equal to the well
known GibbonsHawking terms:
SHG = −
∫
∂Ω
d4x
√−g2M3K , (42)
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where
K = −gµν∇µnν = gµνΓSµνnS ,
and nM is the unit normal to the surfae ∂Ω. In the 5d ase one has
K = −1
2
gµν∂PGµνn
P ,
implying
SHG =
∫
d4x
√
−gLM3gµνL ∂5Gµν
∣∣∣
y=L
−
∫
d4x
√
−g0M3gµν0 ∂5Gµν
∣∣∣
y=0
. (43)
This is equal to (41) after taking into aount that
W¯ 5 = GNSΓ5NS −G5NΓSNS = −Gµν∂5Gµν . (44)
The RS model on an orbifold should be equivalent to the same model on two intervals. In
the orbifold piture the eetive osmologial onstant vanishes [2℄. Let us do the alulation in
the interval piture. First, let us alulate without the GibbonsHawking terms. After inserting
the vauum solution into the ation, we obtain
−Λeff = 2
∫ pirc
0
dy
√−Ge−4ky (−20M3k2 − Λ)+ V0 + Vpie−4kpirc , (45)
where
V0 = −Vpi = 12M3k , Λ = −12M3k2 . (46)
The result is non-zero:
−Λeff = 16M3k
(
e−4kpirc − 1) . (47)
Let us now take into aount the GibbonsHawking terms
W¯ 5 = −Gµν∂5Gµν = 8k . (48)
This time we obtain the orret result
−ΛHG = −16M3k
(
e−4kpirc − 1) , (49)
Λeff + ΛHG = 0 . (50)
To be more expliit, let us take an ation (41) dened on two separate intervals:
S+ =
∫
d4x
∫ pirc
0
dy
√−G (M3R + L )+
∫
d4x
√−G
[
M3W¯ 5 +
1
2
√
G55
L+0
]
y=0
+
+
∫
d4x
√−G
[
−M3W¯ 5 + 1
2
√
G55
L+pi
]
y=pirc
, (51)
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for y ∈ (0, πrc), and
S− =
∫
d4x
∫ 0
−pirc
dy
√−G (M3R + L )+
∫
d4x
√−G
[
−M3W¯ 5 + 1
2
√
G55
L−0
]
y=0
+
+
∫
d4x
√−G
[
M3W¯ 5 +
1
2
√
G55
L−pi
]
y=−pirc
, (52)
for y ∈ (−πrc, 0). The variation of the ation with respet to the metri tensor gives
√−G
(
RMN − 1
2
RGMN − TMN
M3
)
= 0, (53)
in the bulk, and
√−GM3W 5µν
∣∣∣
y=0+
= −
√
−g0 T 0
+
µν
2
∣∣∣
y=0+
,
√−GM3W 5µν
∣∣∣
y=pir−c
=
√−gpi Tpi
+
µν
2
∣∣∣
y=pir−c
,
√−GM3W 5µν
∣∣∣
y=0−
=
√
−g0 T 0
−
µν
2
∣∣∣
y=0−
,
√−GM3W 5µν
∣∣∣
y=−pir+c
= −√−gpi Tpi
−
µν
2
∣∣∣
y=−pir+c
,(54)
on the boundary. Taking the natural parity assignments Gµν(y) = Gµν(−y) and G55(y) =
G55(−y), we obtain
T 0
+
µν = T
0−
µν , T
pi+
µν = T
pi−
µν . (55)
On an orbifold the GibbonsHawking terms are absent; one is given the ondition
√−GM3W 5µν
∣∣∣
y=0+
= −
√
−g0T
0
µν
2
,
√−GM3W 5µν
∣∣∣
y=pir−c
=
√−gpiT
pi
µν
2
. (56)
It follows that the identiation of the interval and orbifold pitures requires
T 0µν = T
0+
µν = T
0−
µν , T
pi
µν = T
pi+
µν = T
pi−
µν . (57)
The above onsiderations are easily extendable to fermioni elds and to AdS4 and dS4 folia-
tions. One additional rule, whih should be followed, is that in the passage from orbifold to two
intervals the ǫ(y) beomes deomposed as ǫ(y) = H−(y) + H+(y) where H−(y) = −1 if y <
0 and 0 otherwise, and H+(y) = 1 if y > 0 and 0 otherwise.
4 Consisteny onditions in the interval piture
For a 5d metri of the form
ds2 = e2A(y)g¯µνdx
µdxν + dy2 (58)
one an derive, using equations of motion, onsisteny onditions [5, 6℄  relations between
energy-momentum tensor and metri tensor, sometimes alled sum rules [7℄:
(
A′enA
)′
=
1
12M3
enA
(
T µµ + (2n− 4)T 55
)− 1− n
12
en−2R¯ , (59)
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where n is an arbitrary number and R¯ denotes the 4-dimensional urvature salar. As an
appliation of the orbifold pitureinterval piture orrespondene that we have established, we
shall formulate these sum rules in the interval piture.
The energy-momentum tensor derived from the orbifold ation is
T TOTµν = Tµν + T
0
µνδ(y) + T
pi
µνδ(y − πrc) , T TOT55 = T55 . (60)
After integrating (59) over the orbifold we obtain
∮ pirc
−pirc
(
1
12M3
enA
(
T µµ + (2n− 4)T 55
)− 1− n
12
en−2R¯
)
dy =
= − 1
12M3
(
enA(0)(T 0)µµ + e
nA(pirc)(T pi)µµ
)
. (61)
Let us onsider the above set-up on a pair of intervals. In this ase, the energy-momentum
tensor does not inlude the T 0
±
µν and T
pi±
µν ontributions. Instead, we have additional boundary
equations (54). Equation (59), integrated over the internal spae, leads to
∫ pirc
−pirc
(
1
12M3
enA
(
T µµ + (2n− 4)T 55
)− 1− n
12
en−2R¯
)
dy =
= A′enA
∣∣∣
y=pir−c
− A′enA
∣∣∣
y=−pir+c
− A′enA
∣∣∣
y=0+
+ A′enA
∣∣∣
y=0−
. (62)
The tensor W 5MN alulated for the metri (58) reads
W 5µν = −3A′e2Ag¯µν ,
W 555 = 0 . (63)
After taking equation (54) into aount, we obtain
A′
∣∣∣
y=0+
=
(T 0
+
)µµ
24M3
, A′
∣∣∣
y=pir−c
= −(T
pi+)µµ
24M3
, (64)
A′
∣∣∣
y=0−
= −(T
0−)µµ
24M3
, A′
∣∣∣
y=−pir+c
=
(T pi
−
)µµ
24M3
, (65)
and eventually (62) takes the form
∫ pirc
−pirc
(
1
12M3
enA
(
T µµ + (2n− 4)T 55
)− 1− n
12
en−2R¯
)
dy =
= − 1
24M3
(
(T pi
+
)µµe
nA(pir−c ) + (T pi
−
)µµe
nA(−pir+c ) + (T 0
+
)µµe
nA(0+) + (T 0
−
)µµe
nA(0−)
)
. (66)
This is fully equivalent to equation (61) when the onditions (57) are satised.
It has been established in [5, 6℄ that onsisteny of ve-dimensional solutions with naked
singularities [14, 15℄ requires the insertion of nely tuned soures at the positions of singularities.
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The usual way to arrive at suh solutions is to start with an innite spae with vanishing
boundary onditions. We solve equations of motion for all elds and arrive at a solution with
naked singularity at a position ys. We then notie that after inserting additional soures we an
obtain a solution that is valid in the whole innite spae by taking all elds to vanish beyond
ys. Alternatively, we an ontinue elds periodially for y > ys. Let us demonstrate how the
same physial situation is reahed when one starts with the onsistent ation on the interval:
S =M3
∫
d4x
∫ L
0
dy
√−G
(
R− 4
3
GMN∂MΦ∂NΦ
)
−M3
∫
d4x
√
−g0V0eb0Φ
∣∣∣
y=0
+
−M3
∫
d4x
√
−gLVLebLΦ
∣∣∣
y=L
+M3
∫
d4x
√−GW¯ 5
∣∣∣
y=0
−M3
∫
d4x
√−GW¯ 5
∣∣∣
y=L
(67)
(we have inluded GibbonsHawking terms). The variation with respet to the metri tensor
(here and below we follow the proedure given earlier, i.e. we allow for non-vanishing boundary
variations) leads to the Einstein equation in the bulk and to the onditions
√−GW 5µν
∣∣∣
y=0
=
√
−g01
2
V0e
b0Φg0µν
∣∣∣
y=0
,
√−GW 5µν
∣∣∣
y=L
= −
√
−gL1
2
VLe
bLΦgLµν
∣∣∣
y=L
(68)
on the boundary. The variation with respet to the salar eld gives the standard equations of
motion in the bulk together with the boundary onditions
√−G8
3
G55∂5Φ
∣∣∣
y=0
= −
√
−g0b0V0eb0Φ
∣∣∣
y=0
,
√−G8
3
G55∂5Φ
∣∣∣
y=L
=
√
−gLbLVLebLΦ
∣∣∣
y=L
.
(69)
) This problem has the following singular solution known from [15℄ (the warp fator is eA(y)):
Φ(y) = −3
4
log
(
c− 4
3
y
)
+ d , A(y) =
3
4
log
(
c− 4
3
y
)
+ dA , (70)
where c, d, dA are integration onstants. Sine this solution has a singularity at y =
3
4
c, we
should take L = 3
4
c. One an see that this auses no problem in the boundary onditions (68)
and (69). This is so beause the boundary terms in (67) remain nite at the position of the
singularity. One may suspet that the regularity of this solution is somehow related to the fat
that the vauum ation, without ontributions the boundaries, is non-vanishing, but nite. To
larify this issue let us take a model, where the vauum ation is innite (by vauum ation we
mean the vauum Lagrangian integrated over y only). This is for instane the ase for eetive
ation of the nonsupersymmetri Type I string given in [16℄. This ation in the Einstein frame
reads
SE =
1
2k2
∫
d10x
√−G
(
R− 1
2
(∂Φ)2 − 2αEe 32Φ
)
. (71)
Classial bakground preserving a nine-dimensional Poinare symmetry has the form
ds2 = e2A(y)ηµνdx
µdxν + e2B(y)dy2 , Φ = Φ(y) , (72)
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where µ, ν = 0, ..., 8 and y denotes the transverse oordinate. The solution in the Einstein
frame is
Φ = 3
4
αEy
2 + 2
3
log |√αEy|+ Φ0 ,
ds2E = |
√
αEy|1/9e−αEy2/8ηµνdxµdxν + |√αEy|−1e−9αEy2/8e−3Φ0/2dy2 . (73)
Notie that this solution has singularities at y = 0 and y =∞. Hene, it is natural to restrit
the transverse oordinate to the region 0 < y < ∞. The naively alulated osmologial
onstant is
Λeff =
1
2k2
∫ ∞
0
e
3
4
Φ0α
3/2
E
y
2
dy =
1
2k2
e
3
4
Φ0α
3/2
E
y2
4
∣∣∣∣∣
∞
0
, (74)
whih is innite. This points towards some inonsisteny: 9d Poinare invariane is maintained,
but naive 9d osmologial onstant is innite. Let us try to repair the system following the
presription formulated earlier. We add to the ation (71) the HawkingGibbons terms
SHG = − 1
2k2
∫
d9x
√−GW¯ 10
∣∣∣∣∣
∞
0
, (75)
and, in addition, we augment it by boundary branes
Sbr =
1
2k2
∫
d9x
√
−g0V0(Φ)
∣∣∣∣∣
y=0
+
1
2k2
∫
d9x
√−g∞V∞(Φ)
∣∣∣∣∣
y=∞
, (76)
with tensions determined by the onditions
√−GW 10µν
∣∣∣
y=0
= −
√
−g0 1
2
V0(Φ)g
0
µν
∣∣∣
y=0
,
√−GW 10µν
∣∣∣
y=∞
=
√−g∞1
2
V∞(Φ)g∞µν
∣∣∣
y=∞
. (77)
Adding the brane at innity may seem questionable; however, it should be notied that the
volume of the transverse dimension,
L10 =
∫ ∞
0
dyeB(y) = e−3Φ0/4α
− 1
4
E
∫ ∞
0
dy
y1/3
e−9αEy
2/16 , (78)
is nite. Hene, when one goes over to the oordinate that is proportional to the proper volume
of that dimension, the position of the seond singularity beomes nite as well.
Let us hek how the boundary terms modify the 9d osmologial onstant. After inserting
the vauum solutions into (75) and (76) we obtain
SeffHG = −
1
2k2
e
3
4
Φ0α
3/2
E
9y2
4
∣∣∣∣∣
∞
0
, Seffbr =
1
2k2
e
3
4
Φ0α
3/2
E
8y2
4
∣∣∣∣∣
∞
0
. (79)
Thus the nal result vanishes,
Λ′eff = Λeff + S
eff
HG + S
eff
br = 0 , (80)
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as it should be. This example has a number of interesting features. Firstly, we note that
brane tensions at the endpoints an easily be omputed with the help of (77); the tension V0
vanishes, whereas the seond one, V∞, beomes innite. One might wonder whether a brane
with an innite tension may arise within a physial system. One way to make sense of suh a
situation is to view the tension V∞ not as an independent parameter of the system, but rather
as a quantity adjusting itself, through equation (77), to the dynamis of the rest of the system.
This is another fae of the ne-tuning identied in [5℄. Seondly, one an test the innite tension
brane by omputing the aeleration of a freely falling test partile in its viinity. It turns out
that suh a partile aelerates towards the innite tension brane (and the aeleration beomes
innite on the brane). The seond brane, at y = 0, attrats test partiles as well, but this time
the aeleration vanishes on the brane. This behaviour orresponds to the ase of a positive
mass Shwarzhild blak hole, thus indiating that the branes at singularities are physial in
the present ase [17℄. Further, we note that the aeleration vanishes at a speial point between
branes: ya =
2
3
√
α
(we note that A′(ya) = 0). It is therefore natural to propose to regularize the
system by dening a thik brane, whih orresponds to integrating the 10d Lagrangian between
ya and y = ∞. This an easily be done, using the formulae derived earlier and the expliit
form of the vauum solution. The eetive brane tension Va, eff is found to be zero. This is
the same as for a thin brane put at the position ya, with its brane tension determined diretly
from the jump onditions (77). Thus the innite tension brane an be made a `physial' objet
through smearing it over a nite distane along the transverse dimension, and this turns out
to be equivalent to putting a thin regulator brane in front of the singularity.
5 Summary
In this note we desribe the role of boundary terms when passing from the orbifold desrip-
tion of a brane world to the interval desription. We have notied that it is natural, in the
interval piture, to use eld variations that are non-vanishing at the endpoints. This, although
equivalent to results obtained with any other form of the variational priniple, gives rise to
the observation that boundary terms an be seen as related to ertain bulk operators through
equations of motion. We disuss the ase of Z2-even and Z2-odd orbifold salars and that of the
metri tensor. The relations between orbifold and interval pitures, desribed here for salar
elds, an be extended to fermioni elds as well.
As one of the appliations of the interval piture, we reonsider models with naked singulari-
ties. In partiular, we disuss the situation, where the naive (d − 1)-dimensional osmologial
onstant appears to be innite. We show that proper inlusion of boundary terms makes the
solution onsistent, and in partiular makes the eetive osmologial onstant vanish. More-
over, we argue that sense an be made of an innite tension brane, by making it a nite width
brane, whih turns out to be equivalent to putting into a system a thin shielding brane in front
of the troublesome singularity.
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